On Spin-Statistics and Bogoliubov Transformations in Flat Spacetime With 

Acceleration Conditions 
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A single real scalar field of spin zero obeying the Klein-Gordon equation in flat spacetime under 
external conditions is considered in the context of the spin-statistics connection. An imposed accel- 
erated boundary on the field is made to become, in the far future, (1) asymptotically inertial and (2) 
asymptotically non-inertial (with an infinite acceleration). The constant acceleration Unruh effect 
is also considered. The systems involving non-trivial Bogoliubov transformations contain dynamics 
which point to commutation relations. Particles described by in-modes obey the same statistics 
as particles described by out-modes. It is found in the non-trivial systems that the spin-statistics 
connection can be manifest from the acceleration. The equation of motion for the boundary which 
forever emits thermal radiation is revealed. 

PACS numbers: 03.70.+k, 04.62,+v, 04.60.-m 
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I. INTRODUCTION 

Parker demonstrated that the spin-statistics connec- 
tion is evident from the dynamics of curved spacetime. [TJ 
It was first shown using a quantized real scalar 
field of spin zero which obeys the curved spacetime Klein- 
Gordon equation It was then found that consistency 
resulted when commutation relations imposed on the cre- 
ation and annihilation operators for the in-region, were 
also imposed for the creation and annihilation operators 
for the out-region. It is not consistent with the dynamics 
to impose anti-commutation relations for the out-region. 

Parker's derivation was extended to fermions of spin- 
1/2 which obey the Dirac equation and satisfy anticom- 
mutation relations @- Higher spin and parastatistics 
was treated Q, the statistics were generalized [3, 
@, and ghost fields Q were examined. It is assumed [|[ 
that a connection between statistics and dynamics is not 
present in Minkowski spacetime. It is also generally ac- 
cepted that particles at late times should obey the same 
statistics as at early times. 

Recently, researchers may have presented the first ex- 
perimental evidence for observation of the dynamical 
Casimir effect @. Within the context of an imposed 
boundary in flat spacetime, the question arises whether 
the connection between spin and statistics is revealed 
from the dynamics of a field-boundary system in the same 
way as from the dynamics of curved spacetime. 

In this note, it is shown that if a quantized real scalar 
field of spin-0 obeys the flat spacetime Klein-Gordon 
equation with an imposed accelerated boundary condi- 
tion, then commutation relations are the admissible al- 
gebra that may be imposed upon the creation and an- 
nihilation operators on the in-region and the out-region. 
It will not be consistent with the dynamics to establish 
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anti-commutation relations upon this field-boundary sys- 
tem. 

As is pointed out by Wald Hlj . the spin-statistics re- 
sults from curved spacetime depend on the conserved in- 
ner product. Wald emphasized that no reasonable quan- 
tum field theory in curved spacetime (or in flat space- 
time with an external potential), can have Bose-Einstein 
statistics if the inner product is positive definite for all 
positive and negative frequency solutions. Likewise, it's 
unreasonable to have Fermi-Dirac statistics if the inner 
product is positive definite only on positive frequency so- 
lutions. In this note, it is emphasized that acceleration 
induces the appearance of distinct mode solutions with 
their respective positive and negative frequency pieces. 
These distinct modes give rise to a non-trivial Bogoli- 
ubov transformation which dictates the commutation re- 
lations. In the following three sections, it is shown that 
an acceleration ultimately gives rise to the spin-statistics 
connection in three salient examples: an asymptotically 
inertial mirror in Section [II Al (the most simple case), an 
infinitely accelerated mirror in Section III Bl and the Un- 
ruh effect in Section Hi CI 



II. DYNAMICS TO STATISTICS 

A. Asymptotically Inertial Mirror 

The moving mirror model is the most simple example 
of the dynamical Casimir effect [ll| [Hj]. Consider a 
moving mirror (an external boundary condition in 1+1 
dimensions) which does not accelerate forever. This 
mirror starts (ends) at time-like past (future) infinity, 
asymptotically having zero acceleration in the far past 
(future). As such, an asymptotically inertial mirror 
will contain no horizons or pathological acceleration 
singularities, as seen in Figure Q] and Figure [2j The use 
of an asymptotically inertial mirror is chosen for clarity 
of derivation. Relaxing the condition of asymptotically 
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inertial motion will alter the form of the derivation and 
the complexity of the relevant identities. The connection 
between acceleration and the spin-statistics connection 
remains. The use of the forever accelerating observer 
in the Unruh effect, or a forever accelerating mirror 
that results in a null horizon, requires the appropriate 
left-right construction (for example, 13]) to incorporate 
complete Cauchy surface information. 




FIG. 1: An asymptotically inertial trajectory in a Penrose 
diagram. In this example, z(t) = — i sinh~ 1 (e t ). 




FIG. 2: An asymptotically inertial trajectory with a final 
coasting speed of half the speed of light displayed in the usual 
spacetime diagram. The gray dashed lines represent the light 
cone, and the black dotted-dashed line shows the asymptote 
of the mirror trajectory. The trajectory example here is the 
same as Figure [1] 



The modes are orthonormal and complete. They take 
the null coordinate form, 



-icj p(u) "1 



(3) 



A moving mirror in flat spacetime reveals a connection 
between statistics and dynamics that is not present in 
Minkowski spacetime without acceleration. Statistics 
can be derived from the dynamics of the moving mirror 
as an accelerated mirror gives a beta Bogoliubov trans- 
formation coefficient which is non-zero. The statistics 
are determined by the algebra of the creation operators. 
The associated relations of the creation operators are 
commuting for Bosc-Einstcin statistics and anticommut- 
ing for Fermi-Dirac statistics. The following derivation 
shows that for the spin-zero field, only Bose-Einstein 
statistics are invariable with the flat spacetime dynamics 
that include an accelerated external boundary condition. 

The field equation of motion is the Klein- Gordon equa- 
tion n-0 = 0. The moving mirror is imposed such that at 
the position of the mirror the field is zero, ip\ z — 0. This 
system has modes that can be used to expand the field, 



du' 



+ aL< 



poo 

Jo 



(1) 



(2) 



X, = {Aituj)- 1 / 2 ^!'^ - e~ iuu ]. (4) 
The modes can be expanded in terms of each other, 



(5) 



Xuj = I du' [a*,^/ - ■ ( 6 ) 

'0 

by introduction of Bogoliubov coefficients, 

Otu'u = (<f>u,>,Xu), Puj'uj = -(</»«', Xw)i ( 7 ) 

defined by the flat-space scalar product, in spacetime co- 
ordinates, 



(8) 



{4>u',Xu) = i I dx </>*, d t Xc 
or in null coordinates, 
(0w',Xw) = * / du 4>*, d u Xu> +i I dv (/>*, d v Xt 



(9) 
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The field equation combined with the moving mirror 
boundary condition imply that the Bogoliubov coeffi- 
cients a W ' W and $ U 'ui relate the operators a u ' and a^, 
to the operators and 



<W = J duj [a u ,J} u - ^'u b t] > 



(10) 



(11) 



The modes are orthonormal such that, 



,) = 6(u>-u% (&,,&,) = (>, (12) 



(Xu,X<s) = -bC„,xli>) = 5(w-uj'), {Xu,,xZ>) = 0. (13) 

Since the modes are related by a Bogoliubov transfor- 
mation, the above scalar products imply several identi- 
ties. Using (fl2j) . (0, and (fT3|) the following Wronskian 
identity holds, 



duj [a^.al^,. 



Puw'fcw] = % " (14) 



Note that this relation is a derived consequence only 
of the field equation and the imposed asymptotically 
inertial mirror. This relation is a result of the dynamics. 

Consider now, the possible commutation relations of 
the creation operators, a u i, a u , and b u , b^ (which are 
associated with the <p u i and Xoj modes, respectively), 

[a u ,al 3 ,]± = 6(u) , -u)), [a u , a^]± = [a£, a£,,]± = 0, (15) 

[b m bl}± = S(uj' - w), [b u , b u ,}± = [bl,bl}± = 0, (16) 

Here the + sign corresponds to Fermi-Dirac statistics 
from the anticommutator, while the — sign corresponds 
to Bose-Einstein statistics from the commutator. The re- 
lations associated with the <p u i modes may be expressed 
in terms of Bogoliubov coefficients using (p~0|) . 



(17) 



The relations associated with the Xu modes may be ex- 
pressed in terms of Bogoliubov coefficients using (fTTj) , 

[bu, b l,]± = J duj" [a u »uOc* u „ u , ± p u »u,'PZ,"u\ • (I 8 ) 

The dynamics-only result ([H]) dictates which sign to use 
in (fl7|) and (|18l) . Since the dynamics indicates the choice 
of the — sign, the election of Bose-Einstein statistics is 
straightforward. Similar identities to ([M)) , using (fT2]) and 
(IT31 . dictate the correct sign to be used in (IT51) and p^|) 
which give, in total, 



[b u ,bl]- =6(u/-u>), [b u ,b u ,]- = [bl,bl]- = 0. (20) 

Particles at different times, (those associated with b^b^ 
and a^a^i) obey the same statistics only in the Bose- 
Einstein case. The Bose-Einstein case is then fixed with 
the dynamics of the field and mirror. When the mirror 
has acceleration, the (3 Bogoliubov transformation coef- 
ficient is not zero. If the mirror is not accelerating, then 
/3 = 0, and this connection between dynamics and statis- 
tics is absent, despite the presence of a boundary and 
the abandonment of Minkowski spacetime. The spin- 
statistics-dynamics connection in flat spacetime relies on 
a non-zero acceleration. The derivation presented above 
is an 'accelerated boundary condition in flat spacetime' 
-moving mirror- derivation of the relationship between 
spin and statistics. 



B. Infinitely Accelerated Mirror 

Consider a moving mirror which accelerates for all 
time. When a mirror in flat spacetime accelerates for- 
ever, a horizon singularity is formed. The horizon can 
be seen most easily in a Penrose diagram, (see Figure 
[3] or in a spacetime diagram in Figure 2]). It is rea- 
sonable to ask if the physically pathological singularity 
breaks the dynamics-statistics connection. As it turns 
out, the acceleration singularity complicates the math- 
ematics but does not ruin the dynamics-statistics link. 
The spin-statistics connection is apparent in the case of 
an infinitely accelerated boundary. 




[a u ,a' ,]- = 6(<j'-u]), [a w ,a a 



[ a t' a i- 



0, (19) 



FIG. 3: Asymptotically infinite accelerating trajectories in 
a Penrose diagram. In this figure, all mirrors emit thermal 
radiation at all times with T = k/2tv along the trajectory 
z{t) = -t - \W{e- 2Kt ), where k = tt/8, tt/4, it/2, it, 2tt. 



In this section only, we adopt Carlitz-Willey's normal- 
ization, transformation conventions and left-right con- 
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FIG. 4: The asymptotically infinite accelerating trajectory of 
the Carlitz-Willey mirror in a spacetime diagram. The mirror 
emits thermal radiation at all times with T = k/2tt along the 
trajectory z(t) = -t - ^W(e~ 2Kt ). Notice the Carlitz-Willey 
mirror does not start statically, and also approaches the speed 
of light in the future with an acceleration singularity, resulting 
in a horizon. 



struction The advantage here is the simplicity of 

the explicit mode forms. The field motion is the Klein- 
Gordon equation U\ip(u, v) — 0, and the field is written 
as 



4=±- r- 

4tt L uj> 



a.,, 



(21) 



^ = ^E/°°^ MxL + flxL*] (22) 



Carlitz and Willey point out that a constant energy flux 

2 

emitted by the mirror, is obtained by the ray tracing 
function of ([25]). Substituting p(u) = t + z(t) into (|2"5|) 
gives the resulting condition on the trajectory, 



t + z(t) 



-Kt-\-Kz(t) 



(27) 



Carlitz and Willey did not provide an analytic solution 
to this equation. However one can be obtained using the 
Lambert W function (the product logarithm) with the 
result that 



1, 



z(t) = -t- -W(e 

K 



-2nt 



(28) 



Figure [3] and Figure 0] are plots of this trajectory. It is 
straightforward to show that i — ¥ =pl in the limits t —¥ 
±oo and that z < for all time. The proper acceleration 
is 



a(t) 



2yW(e 



(29) 



Note that the proper acceleration is not constant even 
though the energy flux is. The acceleration[29]is required 
to have thermal emission, for all times, in the moving 
mirror model. Contrast this to the Unruh effect, where 
time-independent acceleration, k, is responsible for ther- 
mal emission. 

The dynamics of the field-mirror system give rise to 
the Bogoliubov coefficients a!,,, , and B, . ,,, , which relate 
the operators and a , to the operators and b[}: 



^>=^i:j^K>x+ti>x'] (30) 

Since the operators are related by a Bogoliubov trans- 
formation, it now pays to examine the the conserved 
scalar products for the two distinct modes </> and \i (here 
J = L,R). Specifically, 



where I — R,L. The modes take the simplified form, 



dvcfa' d v (f> u — 4irojS(u! — uj') 



(31) 



e -iw'ti _ e -iu'p{u) 



xS = e-™ /fl W0(-«) - e- wu 



*we(t() 



(23) 



(24) 



while the ray-tracing functions for the specified Carlitz- 
Willey trajectory assume 



p{u) = -- 



(25) 



i I dvxt*, dv xt+i I du X J J d u X 'L = ^uj8{uj-J)b 1] 

JO J-oa 

.(32) 

The conserved scalar products imply several identities, 
as first shown by [l3l |. in particular: 



1 f r / J* 

to L / - [<wv^ 



(33) 



Ir{ v ) = — K 1 ln(— kv) v < 
f L (v) = \n(+nv) v > 0. 



(26) 



1 f duj 



(34) 
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(35) 
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These relations are derived consequences of the field 
equation and the imposed Carlitz-Willey mirror. Now 
consider the possible commutations relations 



[a u ,a U ']± = [at,al,}± = 



(37) 



(38) 



As before, the + sign corresponds to FD statistics, while 
the — sign corresponds to BE statistics. The possible 
commutation relations in terms of the transformation co- 
efficients are 



K,</]± 



4tt 



diu" 



'aX«X " l&'vPM (39) 



The dynamics result (|35|) can be used to determine 
which of the possible commutation relations are to be 
used in (f39|) . The dynamics dictates the commutation 
relations use the — sign, 



[a u , a^/]- = 4:Ttui5(u) — u)') 



(40) 



The acceleration singularity does not corrupt the spin- 
statistics-dynamics connection. 



2 



1 d 2 



k 2 (dr) 2 [d{\nKp)Y 



■0 = 0. 



(43) 



The mode functions that are right-movers, (dependent 
only on U) and the right quadrant, R, are shown 
graphically in Figure [5] The left-movers are dependent 
on V and follow the analogous forthcoming procedure. 
Specifying to these right-moving eigenmodes and the R 




FIG. 5: Right movers in the right-quadrant Rindler wedge. 
In this shaded spacetime region, U < 0, and V > 0. The 
hyperbolas are constant r values, while the radial lines are 
constant p values. 



C. Unruh Effect 

Consider the spin-statistics connection in the setting of 
the Unruh effect. We specify to the right movers in the 
right quadrant of the Rindler wedge, x > and x > \t\. 
The left movers follow suit. Further consideration to the 
left Rindler wedge is similar to the right Rindler wedge 
14]. To satisfy completeness on the full Cauchy surface, 
both the left and right movers, and both the left and 
right Rindler wedges must be treated. It is found that 
correct commutations relations are given due to the pres- 
ence of acceleration for the Rindler observer. We start 
with the Minkowski metric, ds 2 = —dt 2 + dx 2 , and Klein- 
Gordon field equation (— d 2 + d 2 )ip = 0. Transformation 
to Rindler coordinates, 



t = p sinh kt, x — p cosh kt 



(41) 



where p > and — oo < r < oo, gives the metric and 
field equation, 



spacetime region is clarifying. This is done by the use of 
null coordinates, 



and 



// [ In np 

--TT , 



U\_ _j -KT x e- KU 



(44) 



(45) 



ds 2 



p 2 K 2 dT z + dp 2 



(42) 



Consider now, the two representations of the field: 

*Ij(U) = yj R (U) - / du'lawfo + alfo] (46) 
Jo 

and 

/>oo 

i/j r (U) = 9{-U) / dc[lK + Ml (47) 
Jo 

Notice that we have specified to the right quadrant by the 
use of 9(—U) and restricted our concern to right movers 
by utilizing the single U coordinate dependence. The 
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advantage here is that left and right movers in the null 
coordinates U and V do not mix under the Bogoliubov 
transformation. 

The modes take the form, 



1 



-icu' U 



(48) 



and where (<f> u , 0*,) = (xSiXS*) — 0- As we have seen 
in a complementary fashion in Section III A[ the possible 
commutation relations are 

/>oo 

[a u> al}± = / duj" [ai„a*„ ± , (60) 

Jo 



x * = e(-u)-=(-KU) 1 



(49) 



The Bogoliubov transformation for the operator associ- 
ated with the (f> u i takes the R-form, 

poo 

a u ,= / dw[aXb%-PXb^] (50) 
Jo 

and the operator associated with the xS 1S 

poo 

b%= dw'[a*, u a u , + (51) 
Jo 

The modes are non-trivially expanded in terms of each 
other, 



K, b$]± = I duj" [ai„a*„ ± f}*„..fiX»\ ■ (61) 



The Wronskian R-completeness relation (|57j) from the 
acceleration dynamics connects to the spin-statistics by 
necessitating the use of the negative sign in the commu- 
tation relations (fBT))) and (fBTj) . It is dictated that 



(62) 



and similarly, the zero commuting relations stem from 
the analogous identities to (|57p . Therefore, in totality, 
the accelerated Rindler observer entails the spin-statistics 
connection. 



du \a5 u xS + ffi u X«*], (52) 



III. 



CONCLUSIONS 



du' [aX<t>*< ~ ffiM 



(53) 



by introduction of Bogoliubov coefficients, 



R* 

uj'uj vtoj' i Aoj 



XZ*), (54) 



defined by the flat-space scalar product, in spacetime co- 
ordinates, 

(&;',x£)=</ dxfcdtxS, (55) 

JO 



or in null coordinates, 



,x*) = */ du^duxl 



(56) 



Expanding (xSiXu') m terms of using the transfor- 
mation (|53[) and utilizing the orthonormality of the </> w / 
modes, the R-completeness relation holds 



[al„a«,* u „ - tf u „ffi„»] = % - "')• (57) 



This is contingent on the orthonormality of both sets of 
distinct modes by the conserved inner product, 



= (58) 



(xMO = -(xr,X^) = % - «')■ (59) 



The crux of these results are dependent on the presence 
of acceleration. In the cases presented, acceleration arises 
as an asymptotically inertial mirror, an infinitely acceler- 
ated mirror and the constant acceleration Unruh effect. 
That is, in the far future these examples correspond to a 
proper acceleration a — > 0, oo, k, respectively. These new 
results where found: 1) The assumption of particles at 
early times obeying late time statistics is un-necessary, as 
only commutation relations are acceptable in either re- 
gion, as shown in the asymptotically inertial mirror case. 
2) In a non-trivial system, the presence of external accel- 
eration conditions is enough to provide the link to com- 
mutation relations. This is in contrast to the specifica- 
tion to dynamic curved spacetime. Flat-spacetime accel- 
eration conditions allowing non-trivial Bogoliubov trans- 
formations establishes the spin-statistics connection. 3) 
With regards to thermal emission, the time-dependent 
expression for acceleration in the moving mirror case was 
explicitly revealed. This clarifies a salient difference be- 
tween the Unruh effect and the dynamical Casimir effect. 

An acceleration in these above situations gives rise to 
distinct eigenmode solutions that can be used to repre- 
sent the field. One set of eigenmodes can be expressed 
in mixed positive and negative frequencies pieces of the 
other set of eigenmodes. The spin-statistics connection 
is possible to obtain because of the properties of the con- 
served inner product and of the existence of these sets of 
eigenmodes in the first place. If there was zero accelera- 
tion, the Bogoliubov transformation would be trivial and 
the distinct sets of eigenmodes would not exist. 
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